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On #-rewriting systems with pure pushdowns
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Abstract
The aim of this paper is to present a modification of #-rewriting systems, called #-rewriting systems
with pure pushdowns, and their relation to state grammars. Briefly, the #-rewriting systems with
pure pushdowns are #-rewriting systems equiped with pushdowns containing only terminal symbols
(herefrom comes their denomination as pure), and a pushdown containing terminal and nonterminal
symbols, which is used as an auxiliary workspace. It will be shown that this extension leads to
relation between programmed grammars and state grammars.
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1. Introduction
#-rewriting systems were introduced in [1] by Křivka,
Meduna, and Schönecker, and their main purpose
was to extend the formal language theory with for-
mal model based on a combination of automata and
grammars. Like grammars, #-rewriting systems are
generative devices, but they do not use any nontermi-
nal symbols. Like automata, they use finetely many
states. The # symbol in the #-rewriting system’s name
is called a bounder. The bounder together with state
are used to select the suitable rule to be applied and
a position in configuration to be rewritten. If the num-
ber of occurences of # in configuration is limited by
some positive integer k, then the #-rewriting systems
have an index k. In [1] was proved that the family of
languages generated by #-rewriting systems of index k
and the family of languages generated by programmed
grammars of index k are identical.

This paper extends the #-rewriting systems with
pure pushdowns. It is shown that such an extension
leads to two important results: (i) the family of lan-
guages generated by #-rewriting systems with pure
pushdowns of index k and the family of languages gen-
erated by state grammars of index k are identical, and
(ii) since the #-rewriting systems with pure pushdowns
keep properties of #-rewriting systems, the family of
languages generated by programmed grammars of in-
dex k is included in the family of languages generated

by state grammars of index k.

2. Preliminaries
It is assumed that the reader is familiar with the basic
notions of the formal language theory (see [2, 3, 4]).
Let Σ be an alphabet. Then, Σ∗ represents the free
monoid generated by Σ under the operation of concate-
nation, with ε as the unit of Σ∗. For w ∈ Σ∗, al ph(w)
denotes the set of all symbols from Σ contained in w.
For w ∈ Σ∗ and W ⊆ Σ, occur(w,W ) denotes the num-
ber of occurences of symbols from W in w. The special
case occur(w,{a}), where a ∈ Σ, is written for brevity
as occur(w,a). By L (PG,k) is denoted the family
of languages generated by programmed grammars of
index k.

A state grammar[5] is a sixtuple

G = (V,T,K,P,S,s),

where V is a total alphabet, T ⊂ V is an alphabet
of terminals, K is a finite set of states, V ∩K = /0,
P ⊆ (V − T )× K ×V ∗ × K is a finite set of rules,
S ∈ (V − T ) is a start symbol, and s ∈ K is a start
state. Instead of (A, p,x,q) ∈ R, where A ∈ (V −T ),
p,q∈K, and x∈V ∗, is preferred the notation (A, p)→
(x,q) ∈ R. Let (A, p)→ (x,q) ∈ R. Then, (uAv, p)⇒
(uxv,q) [(A, p)→ (x,q)], or shortly (uAv, p)⇒ (uxv,q),
is a direct derivation step in G if and only if for ev-
ery (B, p)→ (y, t) ∈ R, B /∈ al ph(u), where p,q, t ∈ K,
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A,B ∈ (V − T ), and u,v,x,y ∈ V ∗. In addition, if n
is a positive integer satisfying occur(uA,V −T ) ≤ n,
then (uAv, p)⇒ (uxv,q) [(A, p)→ (x,q)] is said to be
n-limited, symbolically written as

(uAv, p) n⇒ (uxv,q) [(A, p)→ (x,q)],

or (uAv, p) n⇒ (uxv,q) in brief. Let⇒∗ and⇒+ de-
note the reflexive and transitive closure of⇒, and the
transitive closure of⇒, respectively. Similarly for n⇒.
The language generated by G, L(G), is defined as

L(G) = {w ∈ T ∗ | (S,s)⇒∗ (w,q),q ∈ K}.

Furthermore, for every n≥ 1, is defined

L(G,n) = {w ∈ T ∗ | (S,s) n⇒∗ (w,q),q ∈ K}.

The family of languages generated by state grammars
and by state grammars in k-limited way are denoted as
L (ST), and L (ST,k), respectively.

Let I denote a set of all positive integers. A #-
rewriting system[1] is a quadruple M = (Q,Σ,s,R),
where Q is a finite set of states, Σ is an alphabet contain-
ing special symbol # called a bounder, Q∩Σ= /0, s∈Q
is a start state and R⊆Q× I×{#}×Q×Σ∗ is a finite
set of rules. A rule (p,n,#,q,x) ∈ R, where p,q ∈ Q,
n ∈ I and x ∈ Σ∗, is written as r : p n#→ qx, where r is
its unique label. A configuration of M is a word from
QΣ∗. Let pu#v and quxv be two configurations of M,
and let r : p n#→ qx be a rule from R, where p,q ∈ Q,
u,v,x ∈ Σ∗, n ∈ I and occur(u,#) = n− 1. Then, M
makes a derivation step from pu#v to quxv by using
r : p n#→ qx, symbolically written as pu#v⇒ quxv [r]
or simply pu#v⇒ quxv. The reflexive and transitive
closure of⇒, and the transitive closure of⇒ are de-
noted by ⇒∗, and ⇒+, respectively. The language
generated by M, L(M), is defined as

L(M) = {w | s#⇒∗ qw,q ∈ Q,w ∈ (Σ−{#})∗}.

Let k be a positive integer. A #-rewriting system M is
of index k if and only if s#⇒∗ qy implies occur(y,#)≤
k. The family of languages generated by #-rewriting
systems and by #-rewriting systems of index k are
denoted as L (#RS), and L (#RS,k), respectively.

3. Results
In this section are defined a #-rewriting systems with
pure pushdowns and investigated their generative ca-
pacity. The rigorous proofs of theorems introduced
in this section are ommited, since they are the main
matter of the extended version of this paper which
is in preparation to be submitted to scientific journal.

Instead, only the brief explanations of basic ideas of
proofs are presented.

A rewriting system with pure pushdowns of index
k is a construct

M = (Q,Σ,Γ,s,S,#,$,R),

where Q is a finite set of states, Σ is an input alphabet,
Γ is a pushdown alphabet, Σ ⊂ Γ, Q∩Γ = /0, s ∈ Q
is a start state, S ∈ Γ is an initial pushdown symbol,
# /∈ (Q∪Σ∪Γ) is a pure pushdown bounder, $ /∈ (Q∪
Σ∪Γ) is a pushdown bounder, and R is a finite set of
rules of the following forms:

1. p n#→ qx, where p,q∈Q, n is a positive integer,
and x ∈ (Σ∪{#})∗;

2. p#→ qA, where p,q ∈ Q, and A ∈ Γ−Σ;
3. p#← qA, where p,q ∈ Q, and A ∈ Γ−Σ;
4. pa→ qa, where p,q ∈ Q, and a ∈ Σ;
5. pa← qa, where p,q ∈ Q, and a ∈ Σ.

A configuration of M is a word

χ ∈ Q(Σ∪{#})∗$(Σ∪Γ)∗.

There are five types of derivation steps possible in
M:

1. Let pu#v$α and quxv$α be two configurations
of M, p,q∈Q, u,v,x∈ (Σ∪{#})∗, α ∈ (Σ∪Γ)∗,
and occur(pu#v$α,#)≤ k. Let r : p n#→ qx be
a rule from R. Then, M makes a derivation step
from pu#v$α to quxv$α using r, symbolically
written

pu#v$α ⇒ quxv$α [r]

or simply pu#v$α ⇒ quxv$α , if and only if
there are exactly n−1 occurences of # in u.

2. Let pu#$α and qu$Aα be two configurations
of M, p,q ∈ Q, u ∈ (Σ∪{#})∗, A ∈ Γ−Σ, and
α ∈ (Σ∪Γ)∗. Let r : p#→ qA be a rule from R.
Then, M makes a derivation step from pu#$α

to qu$Aα using r, symbolically written

pu#$α ⇒ qu$Aα [r]

or simply pu#$α ⇒ qu$Aα .
3. Let pu$Aα and qu#$α be two configurations

of M, p,q ∈ Q, u ∈ (Σ∪{#})∗, A ∈ Γ−Σ, and
α ∈ (Σ∪Γ)∗. Let r : p#← qA be a rule from R.
Then, M makes a derivation step from pu$Aα

to qu#$α using r, symbolically written

pu$Aα ⇒ qu#$α [r]

or simply pu$Aα ⇒ qu#$α .



4. Let pua$α and qu$aα be two configurations of
M, p,q∈Q, u∈ (Σ∪{#})∗, a∈ Σ, and α ∈ (Σ∪
Γ)∗. Let r : pa→ qa be a rule from R. Then, M
makes a derivation step from pua$α to qu$aα

using r, symbolically written

pua$α ⇒ qu$aα [r]

or simply pua$α ⇒ qu$aα .
5. Let pu$aα and qua$α be two configurations of

M, p,q∈Q, u∈ (Σ∪{#})∗, a∈ Σ, and α ∈ (Σ∪
Γ)∗. Let r : pa← qa be a rule from R. Then, M
makes a derivation step from pu$aα to qua$α

using r, symbolically written

pu$aα ⇒ qua$α [r]

or simply pu$aα ⇒ qua$α .

As usual, the reflexive and transitive closure of⇒, and
the transitive closure of ⇒ are denoted by ⇒∗, and
⇒+, respectively.

The language generated by M, L(M), is defined as

L(M) = {w ∈ Σ
∗ | s#$S⇒∗ qw$,q ∈ Q}.

The family of languages generated by #-rewriting sys-
tems with pure pushdowns of index k are denoted as
L (#RSPD,k).

In the following theorems are summarized the ob-
tained results.

Theorem 3.1. For every k ≥ 1,

L (#RSPD,k) = L (ST,k).

Proof (Basic Idea). Every state grammar of index k
can be simulated by some #-rewriting system with
pure pushdowns (#RSPD) of index k. The state and
first k nonterminal symbols of the configuration of state
grammar are encoded into the state of the configuration
of #RSPD. More precisely, if

(u1A1u2A2 . . .Akuk+1α, p)

is a configuration of the state grammar of index k,
where ui is a string over the alphabet of terminal sym-
bols, 1≤ i≤ k+1 , A j is nonterminal symbol, 1≤ j≤
k, α is a string over the total alphabet, and p is a state,
the corresponding configuration of #RSPD of index k
will be

〈pA1A2 . . .Ak〉u1#u2# . . .#uk+1$α.

During a simulation, the #RSPD of index k must han-
dle the cases when nonterminal symbols in the corre-
sponding configuration of the state grammar of index
k are generated or erased.

Conversely, every #RSPD of index k can be sim-
ulated by some state grammar of index k as follows
(the simulation of one derivation step): To simulate
a p n#→ qx rule, state grammar scans for the nth #
symbol of its configuration, replaces it for x, adjusts
the number of occurences of # symbols in its configu-
ration (by the simulation of the #RSPD’s rules of form
2 to 5), and changes the state p to the state q.

Theorem 3.2. For every k ≥ 1,

L (#RS,k)⊆L (#RSPD,k).

Proof. Follows from the observation that #-rewriting
systems with pure pushdowns of index k are extensions
of #-rewriting systems of index k.

The conclusion of the previous two theorems and
from the results in [1] is the following corollary.

Corollary 3.3. For every k ≥ 1,

L (PG,k)⊆L (ST,k).
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