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Abstract

This paper discusses the descriptional complexity of translation grammars. It shows a way to define
any recursively enumerable language by translation grammars. Queue grammars characterize
the family of recursively enumerable languages (see page 20 of [1]). This paper shows a way to
simulate any queue grammar by a translation grammar. Any recursively enumerable language can
then be defined by translation grammars by simulating queue grammars. This means that any
recursively enumerable language can be accepted by pushdown automata with two stacks.
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Translation grammars are traditionally used to define
translations (see pages 49 through 57 of [2] and [3]).
Their input and output languages define, on their own,
two context-free languages. By adding constraints
to their output language, however, translation gram-
mars can be used to define languages which are not
context-free. This paper aims to prove that transla-
tion grammars can be used to define all recursively
enumerable languages.

There are several formal systems that define re-
cursively enumerable languages. Extended post cor-
respondences, queue grammars and scattered context
grammars all define the family of recursively enumer-
able languages (see pages 20 through 21 and page 42
of [1]). By fixing a translation grammar’s output to
a member of Dyck’s language, it can be constructed
so that it simulates any queue grammar. This paper
shows a way to define any recursively enumerable lan-
guage by translation grammars by simulating queue
grammars.

This section provides some definitions for the reader
to understand the following sections. It is assumed
that the reader is already familiar with the language
theory. The following definitions are quoted essentially
verbatim from [1].

Definition 2.1. A queue grammar is a sextuple

Q= (V,T,W,F,R,g)

where
e V is an alphabet of nonterminals and terminals
e T CV is an alphabet of terminals
e W is an alphabet of states. VNW =&
e F C W is aset of final states
o RC (VX (W—F))xV*xW)is afinite relation
e g (V—T)(W —F) is the starting pair of sym-

bols

If u=arb,v = rxc, and (a,b,x,c) € R, where r,x € V*,
a€V,and b,c € W, then Q makes a derivation step
from u to v according to (a,b, x,c).

The language generated by a queue grammar Q, de-
noted by L(Q), is defined as

LQ)={x:xeT " g=,xf,fE€F}
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Queue grammars characterize the family of recursively
enumerable languages (see page 20 of [1]).

Definition 2.2. A translation grammar is a quintuple

G = (N,T;,To,P,S)

where
e N is an alphabet of nonterminals;
e T;is an input alphabet such that ;NN = &
e Tp is an input alphabet such that To "N = &
e Pis a finite set of productions in the form

(A,A) = (uoByuy ... Byuy,voB1vy ... Byvy)

forj=1,...,n,B;€N,fori=0,....n,u; € T/
and v; € T;; (n = 0 implies x = up and y = vy)
e S € N is the start symbol.

The translation defined by G is denoted by 7'(G) and
defined as

T(G)=A{(i,0):i€T,0eT,,(S,S)=¢ (i,0)}
The input language is defined as
Li(G) =i
The output language is defined as
Lo(G) ={o: (i,

Definition 2.3. A linear translation grammar is a
translation grammar as described in Definition 2.2 with
productions in P in the forms

: (i,0) € T(G)}

0) €T(G)}

(A,A) = (u,x)

and
(A,A) = (uBv,xBy)
where A,B€ N, u,v € T and x,y € T

Definition 2.4. Throughout this paper, D denotes Dyck’s
language defined as

D={w:ve{0,1}*,w=reversal(v)}

This section demonstrates that translation grammars
can be used to define any recursively enumerable lan-
guage by simulating queue grammars.

Lemma 3.1. Recall Lemma 2.38. in [1]. Let Q' be a
queue grammar. Then, there exists a queue grammar

0= (V,T,WIU{$,f},{f},R,g)

such that L(Q') = L(Q), where W/ N {$, f} = @, each
(a,b,x,c) € R satisfiesa € V —T and

o citherbe W, xe (V-T)" ce WU{$,f}
eorb=%,xeTandce{$,f}

The symbol $ € W' denotes the state where only termi-
nals are generated and the symbol f ¢ W' is the new
and only final state.

Lemma 3.2. For every queue grammar Q, there exists
a linear translation grammar G such that

L(Q)={x:(x,y) € T(G),y € D}

Proof. Without any loss of generality, assume that the
queue grammar Q satisfies the conditions described in
Lemma 3.1.

0= (V7 T7W,U{$7f}7{f}7R7g)

Then we construct a linear translation grammar G in
the following way:

G: (W/U{$,f,S}7T,{O,1},P,S)

where SUW' = &. Setn = |V|.

Introduce the bijective homomorphism o from V to
{0,1}"N0O*10*

Expand its domain to V* so that a(ab) = a(a)o(b),
where a € V,b € V*. Let m be the bijective homomor-
phism defined as w(x) = reversal(a(x)),x € V*

P is constructed as follows:

1. Forg=kl,keV,l1€ W' add (S,S) = (I, a(k)l)
to P.

2. For each (a,b,x,c) € R, wherea €V —-T,b €
W U{$}, xe (V-T)*UT and c € WU {f},
add (b,b) = (c,a(x)cw(a)) to P.

3. Foreachr € T,add (f,f) = (¢tf,fo(t)) to P.

4. Finally, add (f, f) = (&,€) to P.

Basic idea. The constructed translation grammar G
simulates the queue grammar Q that satisfies the prop-
erties described in Lemma 3.1. The production from
1, applied only once, initialises the derivation. The
production 4 terminates the derivation. The produc-
tions from 2 simulate the rules applied by Q. Finally,
productions from 3 generate the simulated terminals
to the input string in the order generated by Q.

Claim A. G can generate every (x,y) € T(G) where
y € D in this way:

s s )
= (I, a(k)l )
=" (3, o(ag..ag..agm)$ o (ay..ap))
=% (f, alao.-Ggimx1--Xm)f O(Ag4m--a0))
=% (xf, olag..AgimX1-Xm)f OXp.. X105 4m--a0))
= (x, o(ao.-AGgimX1--Xm)  OXp..X10k4m--a0))



Where kkm>1,a;, €V —T fori=0,....k+m; g =
kI :keV-T,leW;ay=k; x=x1.x,,x; € T*for
i=1,...,m

Y = &(ag.-AgrmX1 -Xm ) O (X - X1 Akt --A0)
y =vw,w = reversal(v)

Proof of claim A. Examine the construction of G. Ob-
serve that every successful derivation begins with ap-
plication of production 1, followed by applying pro-
ductions from 2, followed by applying productions
from 3. Every successful derivation ends with a single
application of production 4.

Observe that during application of rules in 2 and 3,
the output side is as follows: w; € V fori=0,...,k+
m; k,m>1; N e WU{$, f}

OC(W()..Wk..wk+m)N(1)(Wl..Wo)

To satisfy y € D, only productions that put @ (wy1) to
the right of the nonterminal are applicable.

Claim B. Q generates every h € L(Q) in this way:
8 = aoqo

aoqo
=da1y141 (a0,90,20,91)
=ayr1q> (ai,q1,21,92)
= A 1 Yk 1G] (ke e, Th> it 1)
= ar2Yk42X19 (Ar+1,9k41,%1,9)

(ak+m71 y $7-xm—1 ) $)

(ak+)n7$7-xmaf)

S X1 X1 $
=X ... Xnf

where kkm > 1;a;, € V—-T fori=0,....,k+m; y; €
(V-T) fori=1,....k+m—1; x; € T* for j =
L,...,m; zo0 = ary1; yizi = air1yiy1 for i =1,...,k;
g=apqo;qi € W' fori=0,....k;

Proof of claim B. Recall that Q satisfies the proper-
ties given in Lemma 3.1. These properties imply that
Claim B holds.

Claim C. Let G generate (h,y) € T(G), y € D in the
way described in Claim A; then, i € L(Q).

Proof of claim C. Let (h,y) € T(G), y € D. Consider
the generation of £ as described in Claim A. Examine
the construction of P to see that at this point R contains

(007610720741)’ LR (akvqk,ZkanH)» (ak+l7qk+17xla$)’
vy (s $,%m, f), Where z9,...,2¢ € (V—T)*, and
X1,...,Xm € T*. Then, Q makes the generation of / in

the way described in Claim B.

Claim D. Let Q generate h € L(Q) in the way de-
scribed in Claim B; then, (h,y) € T(G), y € D.

Proof of claim D. Let h € L(Q). Consider the gen-
eration of & as described in Claim B. Examine the
construction of P to see that at this point P contains
(8,8) = (g0, &(a0)qo), (90,90) = (1, %(20)q1®(ao)),
coes (@roqr) = (Grest, 0 (2) G (k) (Gt 1, Grert) =
(8, a(x)S0(a-+ 1) ... ($.8) = (,a(v) fOlagsm),
(fo.f) = (af, fox)), ... (f,.f) = (nf, foO(xm)),
where zo,...,zx € (V—T)*, and xy,...,x, € T*. Then,
G makes the generation of (4,y) in the way described

in Claim A.

Claims A through D imply that L(Q) = {x: (x,y) €
T(G),y € D}, so this lemma holds. O

Translation grammars can be used to simulate any
queue grammar when constructed as described in this
paper. Translation grammars constructed in this way
can generate any recursively enumerable language
when their output is a member od Dyck’s language.
This subset of the grammar’s translations is easily ob-
tainable from the set of all the grammar’s translations.

To my knowledge, no attempts have been made
to define a single non context-free language using a
translation grammar. This paper shows the descrip-
tional complexity of translation grammars when used
for defining languages.

Because of translation grammars’ computational
complexity, other formal systems defining recursively
enumerable languages can be simulated by translation
grammars. Future research can introduce ways to sim-
ulate these systems by translation grammars. Parsers
accepting recursively enumerable languages can be im-
plemented using pushdown automata with two stacks
based on translation grammars.
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