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Abstract

In this paper we propose a specialization of the inductive incremental coverability algorithm that
solves alternating finite automata emptiness problem. We analyse and experiment with various
design decisions, add heuristics to guide the algorithm towards the solution as fast as possible.
Even though the problem itself is proved to be PSPACE-complete, we are focusing on making the
decision of emptiness computationally feasible for some practical classes of applications. So far, we
have obtained some interesting preliminary results in comparison with antichain-based algorithms.
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Finite automata are one of the core concepts of com-
puter science. Alternation in automata theory has
already been studied for a long time [1] and many
practical classes of problems (WSTS or LTL formulae
satsfiability and many more) can be efficiently reduced
in polynomial time to the problem of alternating au-
tomata emptiness. We are particularly motivated by
the applications of alternating automata in software
verification and in string analysis [2], where they can
be used to detect ways to break their safety or, if no
ways are detected, to formally prove that the program
is safe.

Alternating finite automaton (AFA) is a determin-
istic finite automaton that is extended by the concept
existential transitions and universal transitions. Dis-
junction is implemented in constant time already with
non-deterministic finite automata, using existential
transitions. By introducing the universal transition it

is easy to combine automata in constant time with con-
junction. Negation is done in linear time simply by re-
placing existential transitions with universal ones and
vice versa, and by swapping final and non-final states.
Although these operations are efficient, checking of
alternating automata emptiness (i.e. checking whether
a given automaton accepts the empty language) is un-
fortunately PSPACE-complete [3], which is considered
computationally infeasible. We however believe that it
is possible to design algorithms able to avoid the high
worst-case complexity in practical cases.

Simple state space explorations using antichains
[4] to subsume states and to reduce the number of
states that is needed to be explored, are currently con-
sidered as one of the best existing methods to check
the emptiness. On the other hand, a popular model-
checking algorithm IC3 has been adapted for well-
structured transition systems. The adapted algorithm
is named IIC [5] (incremental inductive converability)
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and in contrast to IC3, it benefits from subsumption.

The main contribution of our research is design and
implementation of a new algorithm—we show that the
alternating finite automata are well structured transi-
tion systems and subsequently we specialize the IIC
algorithm to solve their emptiness. The IIC algorithm
implicitly uses subsumption on states, and counter-
example guided abstraction by under-approximating
the reachable state space. It is progressing in incre-
mental steps until convergence, or until a valid counter-
example is found. We compare efficiency of the IIC
algorithm to backward and forward antichain-based
state space explorations.

We have found some artificial classes of AFA
where IIC significantly outperforms forward antichain-
based exploration algorithm and one class where 11C
outperforms both forward and backward one. We
have compared the three algorithms also on real-world
benchmarks extracted from the string program verifica-
tion. For most of the cases, maximal and final cardinal-
ity of state space representation (number of blockers
for IIC, number of antichain elements) were very simi-
lar. As for time, IIC was converging more slowly for
bigger benchmarks because altering the sets of block-
ers for IIC is quite expensive. For benchmarks with
non-empty automata, IIC was sometimes much better
than antichain in all metrics, or antichain was much
better than IIC, but it was probably only by chance—
the winning approach has just luckily got faster on
the right way to bad states; these measurement results
were not reproducible. Most of the benchmarks were
very similar and the other ones were more complex and
the measurements were often timing out on them. The
implementation was written in the Python language
and we are planning to make a more efficient one, to
get more interesting results. We also need to determine
properties of the input AFA that are significant for IIC
performance, add optimizations and heuristics to op-
erations and decisions where they would be effective,
and suppress them in situations where they just waste
the computing power.

Downward and upward closure lLet < C U x U
be a preorder. Downward closure X] of a set X €
U is a set of all elements lesser than some element
from X, formally: X|={y|yeU N Ix € X. y =<
x}. Analogous for upward closure: Xt ={y |y €
U A dx € X.x <y}. We define downward and upward
closure on a single element as x|,= {x}| and xt= {x}.
Downward-closed and upward-closed sets are those
that already contain all the lesser elements from U,

or greater respectively. We will designate the fact
that a set is downward-closed or upward-closed by the
corresponding arrow in the upper index. Intuitively it
holds that X+ = X* and YT = Y™. It is known that the
set of downward-closed sets are closed under union
and intersection, same for the set of upward-closed
sets. Furthermore, if we complement a downward-
closed set, we get an upward-closed one, similarly for
the opposite. A system of an universum and a preorder
(U, =) is downward-finite if every set X C U has a
finite downward closure.

Well-quasi-order A preorder < C U x U is a well-
quasi-order, if each infinite sequence of elements
Xo,X1,--+ from U contains an increasing pair x; < x;
for some i < j.

Well-structured transition system (WSTS) Let us
fix the notation of a well-structured transition system
to the quadruple S = (£,1,—, <), where

e X is a set of states.

e [/ C ¥ is a set of initial states.

e — C ¥ x X is a transition relation, with a reflex-
ive and transitive closure —*. We say that s’ is
reachable from s if s —* s’

e <X C Y xXisarelation. We will call it subsump-
tion relation, and if a < b, we will say that b
subsumes a. relation.

A system S is a WSTS iff the subsumption relation
is a well-quasi-order and the monotonicity property
holds:

VsiVs). s1 =" s] =
Vsp. (51 252 = 3sh. (2 2shAsy =7 55)) (1)

The functions pre : ¥ — 2% and post : ¥ — 2%
are defined the following way: pre(s’) ={s€X|s—
s'}, similarly post(s) ={s' € Z|s— s'}.

Covering We say that a downward-closed set of states
P} covers a WSTS S iff the set of states that are reach-
able from initial states of S is included in P*.

Covers(P*,S) Hvser s ¢P.s—* s (2

We will use the term bad states for the complement
T\ P

Alternating finite automaton (AFA) Let us fix the
notation of an alternating finite automaton to the quin-
tuple M = (Q, Xy, Iy, 6, F), where

e () is a finite set of states. A subset of q is called
case, cases will be denoted as p or p.
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Yy is a finite set of symbols — an input alpha-
bet.

Iy C Q is an initial set of states (also called
initial case).

0:0xXy — 222 s a transition function.

e F: I, is anegative boolean formula determin-
ing final cases. A case p is final if F AN\ g¢p—q
is satisfiable.

Letw =07 ...0,;,,m > 0 be a sequence of symbols
o; € Xy for every i < m. A run of the AFA M over w
is a sequence p = PoO|P1 - - - OmPm Where p; C Q for
every 0 <i<m,and p;,_ ? p; for every 0 < i < m,

where — C 29 x 29 is a transition relation by symbol

(e}
0 € Xy defined the following way:

def
P1 > P2 ~

& ez pr=[J{0€293q€ 0 (4,0 €&} (3)

“4)

E={(q.0) € p1 x2%[0€ 8(¢q,0)}. (5

The AFA transition relation —j; C 22 x 29 is a
transition relation by an arbitrary symbol:

Z={ECE|Vgep 3 oc2? (g,0) €&}

(6)

Let us define few properties of a run. It is termi-
nating iff rho,, |= F.p, C f, commencing iff Iy C po,
accepting iff it is terminating and commencing. An
AFA M is empty if none of the runs over M is accepting.
This emptiness property is denoted as Empty(M).

AFA can be visualized similarly to NFA as a di-
rected graph, universal transitions are visualized as a
forking arrow. More detail is described in the appendix,
here we provide an example of visualization for Q =
{q1,92,q3}, Zv = {a,b}, Iy = {q1 }, F = —~q1 \ =,

6(q1,a) = {{92},{92,43}}. 6(¢3,6) = {{q1}} and
6(g,0) = 0 for other g and a.

def
P1 —m P2 = do € Xy. P =P

We have instantiated the general IIC algorithm from
[5] for deciding the emptiness problem of alternating
finite automata. Some decisions about the reduction
were straightforward, some of them were inspired by

the Petri net coverability instance and some of the deci-
sions were done by us. We will explain our reasoning
and show experimental results for multiple possible
implementations of some parts of IIC.

3.1 General lIC state

The IIC algorithm decides whether a downward-closed
set P+ covers all reachable states of a well-structured
transition system.

State of the IIC algorithm consists of a vector R
of downward-closed sets of states RéRf .. .R,iv and a
queue Q of counter-example candidates. We write
R|Q to represent the algorithm state. Set Rl-i is an
over-approximated set of states that are reachable in
i steps of WSTS. N is the currently analysed step of
the system. Queue Q is a set of (a,i) pairs, where a is
an upward closed set of states from which we are sure
that a bad state can be reached in i steps. We write
min Q to denote a pair with minimal i. In addition
there is a special initial state Init and two terminating
states: Unsafe means that we proved that a state out
of P! is reachable, Safe is a proof that P* contains all
reachable states.

The state of the algorithm is modified by applica-
tion of transition rules, until the Safe or Unsafe state
is reached.

For practical reasons we postpone the description
of the particular transition rules. Prior to that, we will
start with convertion of the algorithm state for solving
the AFA emptiness problem. Then we will introduce
all the general transition rules along with their instan-
tiation and notes about actual implementation. The
algorithm is proved for soundness and if the WSTS
is downward-finite, it is guaranteed to terminate [5],
what holds for AFA due to finiteness of the state space.

3.2 State of the IIC for AFA

We convert the emptiness problem of an AFA

M = (Q,Xpm,1Iy,8,F) to the coverability problem of a
downward-finite WSTS S = (£,1,—, =) in a way that:

e Y :=(C — states of WSTS are the cases of AFA.

o [:={Iy} — initial states of WSTS are singleton
with the initial case of AFA.

e — := —); — transition function is the step func-
tion of AFA.

e < := D — well-quasi-ordering relation is the
superset relation, therefore, downward closure
X is the set of all supersets of X and upward
closure X7 is the set of all subsets of X respec-
tively.

e PL:=Y\ F 1 — bad states are all subsets of F
(to avoid the confusion we will call them bad
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cases).

The following two theorems are proved in the ap-
pendix.

Theorem 1 The system created the way stated above
is a valid WSTS.

Theorem 2 The generated WSTS S is covered by P*
iff the AFA M is empty.

Similarly to the Petri net coverability instance of
IIC described in [5], we represent the steps R%, e ,R}V
as so-called stages B1,-- - , By, which are themselves
sets of blockers . Blocker f is a case about which
we are sure that it is not reachable in i or less steps.
The algorithm holds the invariant Rii C Riﬂl, so if a
blocker exists in stage i, its effect applies to the steps
0---i. We assure that if i < j then $b € B;. bt NB;.
Equivalence of two successive stages is then easily
checked by By = By.1. Blockers are upward-closed,
i.e. even no subset of a blocker is reachable. At any
point of the IIC algorithm, a stage B; represents an
under-approximation of cases that are not reachable in
i or less steps of the AFA. Set Rl.i =X\ UBit is then
an over-approximation of the reachable cases. The
exception is Ry, which is represented directly by the
initial case ;. We will thus always handle the zero
step in a special way.

The queue of counter-example candidates Q is im-
plemented as stack. Since current implementation per-
forms depth-first search, the peak of the stack is always
min Q.

3.3 Forward and backward transitions

In this section we introduce the forward and backward
transition functions, which describe the internal repre-
sentation of the transition function of AFA. We benefit
from the backward transition function 65~ when com-
puting predecessors of case for the transition rules
Decide/Conflict. The forward transition function 65
is useful in computing Generalization.

Without the loss of generality we assume that the
states of the input automaton are integers in range
1,---,|Q|. Same for the input alphabet symbols, they
are integers in range 1,---,|Xy|. For simplicity of
explanation will assume that a case of the AFA is
represented as a set of states, however there is also an
implementation with bit vectors that is more efficient
for small state spaces. Initial states are represented as
a vector of cases.

Finally we have a vector of relations Jy, -+, 5,
that are themselves vectors, containing for every state
g=1,---,|0| a set of all cases ¢’ € 2/9l such that

q0sq' . Formally we may consider this forward 8, as
a function of type Q — ZZIQ‘, because it maps states
(integers) to sets of successor cases.

In IIC we have to do also backward transitions, so
in preprocessing we convert this representation to the
opposite one: Oy is a mapping from cases that can be
successors ¢’ of any state g to all their predecessors.
Backward 8 has type 2!/ — 219l it maps cases to
sets of predecessor states.

3.4 Transition rules

The most of the talk will be devoted to the transition
rules of the IIC. The rules of the algorithm for general
WSTS are presented in the figure 1 and are of the form

o @
oO— 0
We can apply a rule if the algorithm is in the state
o and conditions C;j - --C are met, ¢’ is then a new
state. We will introduce the rules, specialize them for
our instance of the IIC and explain their purpose.

3.4.1 Initialize

In contrast with the general IIC, we start the algorithm
with an empty vector of stages because zero step that
contains downward closure of initial cases is handled

in a special way (we do not store it in our stage vector). 2

The candidate queue is initialized to an empty stack.

3.4.2 Valid
This rule checks for convergence of IIC. If any two
consecutive steps are equal (the first of the two equal

stages has no blockers), we have proved the emptiness
of AFA.

3.4.3 Unfold

If the candidate queue is empty (we have proved that
no candidate is reachable from any initial case) and we
have not yet converged, we start to explore new step:
we start with the over-approximating assumption that
in the new step we can reach all cases (the stage has
no blockers).

3.4.4 Candidate

If we have empty candidate queue and the last step R}V
is intersecting bad cases, add one of the bad cases from
the intersection into the queue. If the last applied rule
was Unfold, all the bad states are elements of Rziv- We

can therefore choose F as the new candidate. Then, 2

as the candidates are upward-closed (all the bad cases
are included in the F candidate), if F is eventually
blocked, we are sure that R}V is not overlapping bad
cases anymore. The implementation of this rule is then
very simple: we apply it right after the Unfold rule
and we just add the case F into the candidate queue.
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3.4.5 ModelSem
If a counter-example candidate includes some initial
case, we know that a bad case can be reached from the
initial case. The counter-example is thus valid and the
AFA is not empty.

3.4.6 Decide/Conflict

These two rules are tightly connected together and are
the main part of the IIC. The rule Decide performs
a backward transition pre from the counter-example
candidate. If the rule fails to transition back from
a candidate (a,i) (i.e. no predecessor o, for which
a 7 o, is in the previous step), we know that the candi-
date is spurious and the Conflict rule is applied. The
Conflict rule removes the candidate and refines the
step i by adding a new blocker f3 to the stage B; that is
a generalization (see below) of the candidate a.

We see that a predecessor can be blocked not only
by a blocker form the previous step but also by the
candidate. If it is a subsumption of the candidate, we
know that its predecessor will be again only a subset
of itself and we thus never reach any initial case.

If we fail to transition back (the Conflict rule is be-
ing applied), we add a new blocker to the stage i and it
will affect all the steps k =1,...,i. The blocker could
be the candidate a itself but we can often cheaply find
something better than a by so-called generalization
Gen;_1(a). Generalization is an arbitrary function that
efficiently finds some 3 subsumed by the blocked can-
didate a, such that 8 shares some common properties
with a: the predecessors of 3 are blocked in the step
i— 1 and B does not contain any of the initial cases'.
The two properties ensure that 8 is a valid blocker in
the step i.

We implement these rules in the following way.
For each symbol ¢ in the AFA alphabet X;; we iterate
through the AFA’s backward transition function 65
(see 3.3). We accumulate predecessors of cases p that
are subsets of the candidate a.

o ={q€Q|pCangeds(p)} (8)

We try to find a blocker B € Uch:l- By, that includes
os. If such a blocker B does not exist, then o is a
non-blocked predecessor in the step i — 1 and we can
enqueue it as a candidate for i — 1 (Decide, & := o).
Before enqueueing, we check it with the ModelSem
rule to ensure that the candidate does not include the
initial case.

We represent the zero step in a special way (as a
set of initial cases instead of a set of blockers). Thus, if

'We are sure that a does not contain any initial case because
we check every added candidate by the ModelSem rule

i =1, we only check if o includes some of the initial 353
cases. If so, we have found a valid predecessor in 354
the zero step and by the ModelSyn rule we know that 355
the counter-example is finished (then the IIC ends up 356
in the Unsafe state). For the Generalization purposes 357
we need to find the blockers B — cases that are not 358
reachable in the zero step (do not include /) and do 359
include ¢;. For each o, we find some g such that 360
q€INg ¢ as and then B =0\ q; . 361

The candidate is spurious if it is blocked for all 362
symbols of the alphabet (Conflict). We compute a 363
generalization 3 (described soon) of the candidate and 364
add it as a blocker for step i. As the new blocker 365
applies to all steps j = 1,---i, we remove all blockers 366
that subsume 3 from those stages. 367

Generalization Generalization is an important com- 368
ponent of the rules Conflict and Induction. It is the 369
most vaguely defined part of the IIC and a big part of 370
our contribution is specialization of generalization for 371
AFA. 372

We apply generalization Gen;(a) to cheaply create 373
a blocker b that is subsumed by a. The blocker b is 374
then going to be added to the step i + 1. The new 375
blocker b should hold some properties (that are held 376
by a). It should not subsume any initial state and all of 377
its predecessors should be blocked in the step i. 378

Geni(a) :={b|b=aAbf NI =0 pre(B) R\ b= 0}
©)
We break the condition for valid generalizations
into these three restrictions:

b=<a (10a)
B l=0 (10b)
pre(bt) R\ br=0 (10¢)

First of all we create a set of forbidden WSTS 379
states (AFA cases) C that are not allowed to subsume 380
the blocker b (to be included in it). Otherwise the 381
condition 10b or 10c would be violated. We try to find 382
a blocker b that blocks (is subsumed by) many WSTS 383
states (AFA cases) but is not subsumed by any of the 384
forbidden ones. So we apply approximative greedy 385
algorithm for solving minimum hitting set problem [6] 386
(which is dual to the set cover problem) to find a set 387
of AFA states D that intersects each case from C. If D 388
does not intersect b, then b is guaranteed not to include 389
any of the forbidden WSTS states from C. The new 390
blocker b is therefore obtained as a complement of D: 391
b=Q\D. 392

If some case from C intersected a, the approxima- 393
tive minimum hitting set D could contain a state from 394
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Valid ModelSem Decide

3 <N.R' =R, min Q = (a,i) INat#0 min Q= (a,i) i>0 oc pre(a)NR  \at

R|Q — Safe R|Q — Unsafe R|Q — R|Q.PUSH((ct,i— 1))

Unfold Conflict

Initialize Rzlv cpt min Q = (a,i) >0 pre(al) ﬂR}_1 \at=0 P € Gen;_i(a)

Init — [11]]0 R0~ R-Z[0 R|Q + R[R! < R;\ Bt]i_,|Q.POPMIN
Candidate ModelSyn Induction

acR,\ P min Q = (a,0) RF=S\{ri1,....,rim}t b€ Geni(r;;) for some 1 < j <m

R|0 — R|[(a,N)] R|Q — Unsafe R|® — R[R; + Ry \ ]! |0

Figure 1. IIC transition rules

a. Then b would not be a superset of a what breaks
10a. To ensure 10a we will obtain C from an interme-
diate set Cy (that ensures 10b and 10c and is defined
subsequently) following way: C = {c\a|c € Cp}.

To ensure the restriction 10b, the set Cy simply
contains all initial cases. To break the restriction 10c,
there must exist a symbol &, for which a predecessor
of some subset of b is not blocked in the step i. As a
is a valid blocker in the step i+ 1, for each o, all of
its o-predecessors are blocked in i by some blocker
Bos (we know Bs from Decide/Conflict). The blocker
b is not blocked by B in the step i iff a state g ¢ Bq
exists, for which Jc. gdgc A ¢ C a. As a conclusion of
these intuitions, Cy also contains the successors of all
states out of B5. We get these successors by using the
forward transition function (see 3.3).

Co=I1U{p|oceZu AqgeQ\Bs N ped;(q)}
(11)

3.4.7 ModelSyn

A counter-example candidate can obtain zero step in-
dex only if it was created by the Decide rule, which
ensures inclusion in the zero step. If a counter-example
is included in the zero step, it means it is a superset
of some initial case s (no blockers can be added to the
zero step by any rule). As the candidate is upward
closed, it represents also the initial case s. All the can-
didates lead to bad states, and thus the counter-example
is valid and the AFA is not empty.

3.4.8 Induction

The Induction transition rule serves for pushing block-
ers forward from steps i to i+ 1. We can see that luckily
the general definition of the rule represents the step i
with the concept of blockers, same as our implementa-
tion. We can therefore directly translate it: If there is a
blocker 3 € B; such that a generalization for it exists
from the step i, we can push it to the step i+ 1. It needs

some more explanation — generalization of 8 from
the step i exists iff all of its predecessors are blocked
in the step i and therefore it is a valid blocker for i + 1.
Induction is implemented like this: for every step i
we iterate through all b;; € B; and check if there is for
every symbol of alphabet ¢ € ¥y, in the same step i,
a blocker B that includes the predecessors of . If so,
we generalize the B (we use the corresponding f to
compute the generalization) and add the result, in the
same way as in the rule Decide, into the step i + 1.

IIC has much better results than antichains on a class
of AFA Primes(n). Let us define a class of AFA
Branch(m), with a single-symbol alphabet, by the fol-
lowing diagram:

With givenn, lett =2,3,5,7,11,--- be asequence
of first n prime numbers. The AFA Primes(n) is then
conjunction of automata Branch(m, ), -- ,Branch(m,),
where g4 of one (e.g. random) of the branches is not
a final state. Since one of the branches lacks a final
state, the automaton Primes(n) is empty. The biggest
instance of Primes(n) where forward antichain solves
this problem in a reasonable time (15 seconds) is for
n =4. For n =5 it is more than two minutes. Back-
ward antichain is better: the maximal n where it does
not time out is n = 6, with 41 seconds. IIC converges
in reasonable time for bigger n, e.g. for n = 15 it is
still 40 seconds.

Evidently, this particular class of AFA can be eas-
ily detected in preprocessing, but it is interesting that
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IIC can efficiently solve it implicitly. It may indi-
cate that IIC can efficiently decide emptiness for some
other, more interesting classes of AFA.

We have experimented also with practical bench-
marks extracted from [2]. The antichain-based algo-
rithms performed objectively better. A possible reason
for this is that vast majority of simple benchmarks was
very similar—conjunction of one simple long chain
of states and one very branch that is a bit more inter-
esting but very small. These benchmarks were very
easy for antichains and as IIC is much more complex,
it could not break through with its power. There are
also benchmarks that are more interesting but too com-
plex and if the automata are empty, none of the three
approaches converges. If an interesting automaton is
not empty, IIC or antichains sometimes discover the
bad state “by chance”, other time they time out. As all
the three algorithms are implemented in Python, the
poor performance on the interesting examples can be
still significantly ameliorated by rewriting the code to
a more performing language.

Among 179 benchmarks, we considered 58 of
them interesting, i.e. antichain did not solve them
in all five runs (3 backward and 2 forward runs) in
less than 2 seconds. 50 of the interesting benchmarks
timed out (with 2 minute timeout) for both antichain
and IIC, from which 44 were non-empty (we know it
from the results of experiment in [2]) and 6 were with
unknown result (the solver in [2] timed out). From
the other 8 benchmarks, 2 were solved significantly”
better by IIC concerning the final and maximal number
of blockers (versus the final and maximal number of
antichain elements). They were both non-empty. One
of them had also significantly better time. From the
same 8 benchmarks that did not time out, 5 were sig-
nificantly better solved by backward antichain (which
was always better than the forward one) concerning
time, 3 of them were significantly better concerning
the final and maximal number of antichain elements.
One of them was empty, but after visual analysis we
have found out that the benchmark is similar to the
non-interesting ones, just much bigger.

The experiments were performed on a machine
with Intel Core 17 processor with two cores and 16GB
of RAM.

We have specialized IIC for AFA emptiness problem,
implemented it and compared the implementation to
antichain-based algorithms on artificial and practical
benchmarks. We were able to find an artificial class

Zat least two times; applies to the rest of the text

of AFA where IIC performed much better, e.g. for :

the instance Primes(6) the IIC terminated in 7 sec-

onds, backward antichain in 41 seconds, and forward :

antichain timed out (terminated in more than two min-

utes). For bigger instances of Primes the difference :
was increasing exponentially. Research still needs to -
be done to find more artificial classes, to determine the 5
properties of AFA which affect the efficiency of IIC, :
and also practical benchmarks that dispose of these 5
properties. We have shown that IIC has some poten- :
tial for the AFA problems and shared our experience 5
and thoughts concerning design and implementation :

decisions as well as experimentation.
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Forking graph For visualisation purposes we define
a graph with forking edges, as a tuple G = (V,L,E),
where V is a finite set of nodes, L is a set of labels and
E CV xLx2Vis a set of forking edges. Each node
x € V of a graph is visualized as a circle labelled with v.
Each edge (n,1,W) € E is visualized as a point p, a line
labelled with [ connecting x and p, and for each node
m € W, an arrow that leads from p to m. If there are
multiple edges that differ only in labels, they can be all
visualized as a single edge with all the labels separated
by comma. As an example, we present a graph G =

({a7bvc}7 {11712}7 {(a7ll7 {b7c})7 (alev {b,C})}) in fig-

ure 2.
o I, b °

Figure 2. Forking graph

Visualization of AFA AFA will be visualised as a
forking graph G = (V,X,E), where V. =Q and E =
{(g,0,p) € Qx Xy x 22| p € 8y(q,0)}. The initial
case is visualized as a hanging forking edge leading
to Iy;. The final cases are visualized only if F is of
form F = /\qu\Qp —gq, where Qr C Q is a set of final
states. Then the nodes in Qf are demarked with double
borders.

As an example, we show a visualization of an
automaton in figure 3.

0=1{q91,92,93}
Yy = {aab}
In=A{q}
F = _‘QI /\—\q2
SM(q)G) -
Ut a3}y  forg=qi Ao =a
Har}} forg=q3No=b
0 otherwise

Figure 3. Visualization of AFA

Lemma 2.1 Monotonicity of =< relative to — is satis-

fied.

Proof 2.1 If p; — pj then there exists a 6 and a ¢/
for every g; € c that satisfies q8sq' and pj is the union
of those q.. We know that p, C pi, so we obtain it
by removing some of the q; states. We then get p} by
removing the corresponding ¢ cases from the union
operands. Clearly p5 C pi, as we obtained it by unify-
ing smaller set of cases.

Now we have to prove soundness of the reduction:
the generated WSTS S is coverable by P* iff the AFA
M is empty.

Proof 1 The monotonicity property is satisfied and as
= is a preorder on a finite domain, no infinite sequence
that is purely increasing can exist, therefore =< is a
well-quasi-order.
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