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Abstract
Automata on infinite words were introduced as a tool for proving the decidability of problems in
various logics. They enable finite representation of a set of infinite words with a regular structure.
The aim of this work is to show the process of translating a formula in monadic second-order logic of
one successor (S1S) to a corresponding Büchi automaton and deciding its satisfiability/validity. We
then compare our implementation with the implementation using loop deterministic finite automata
for various formulae. The efficiency is measured mainly by the state count of the final automaton for
each formula. Our implementation gives better results in the overall majority of the tested formulae
in terms of the number of states of the final automaton.
Keywords: S1S — Büchi automata — decision procedure
Supplementary Material: Downloadable code
*xsmahl00@stud.fit.vutbr.cz, Faculty of Information Technology, Brno University of Technology

1. Introduction
Monadic second-order logic of one successor (S1S)
is of interest in different applications, mostly in formal verification. The verification algorithm relies on
a translation of a formula into an equivalent automaton. In this paper, we describe a decision procedure for
S1S that performs a translation of an S1S formula into
a Büchi automaton and analyse it in order to establish
satisfiability/validity of the original formula. Büchi
automata were introduced during the 1960s in order
to develop a decision procedure for S1S [1]. Büchi
automata characterize the entire class of ω-regular languages, i.e., languages containing infinite words with
a regular structure. Moreover, every S1S-definable
language is Büchi recognizable and vice versa [2].
Automata on infinite words, also called ω-automata,
have gained importance since their first definition in
the 1960s. Apart from the theoretical point of view,
they are also important for the specification and verification of reactive systems that are not supposed to
terminate at some point in time (for example operating
systems). ω-automata enable finite representation of
a set of infinite words. Apart from Büchi automata,
there are other automata models capable of describing
the entire class of ω-regular languages, such as parity,
Rabin, Streett, and Muller automata.

Besides verification and synthesis, an important
application of connection between logic and automata
is to decide the satisfiability problem of various logics
(e.g. LTL, QPTL, S1S, ...).
In this paper, we describe the implementation of
translating any S1S formula into a corresponding Büchi
automaton. We then compare the generated state space
of our implementation with as far as we know the
only other existing implementation of a decision procedure for S1S, based on loop deterministic finite automata [3].

2. Preliminaries
2.1 Monadic Second-Order Logic of One Successor (S1S)
Monadic second-order logic of one successor is a logic
interpreted over natural numbers that allows us to manipulate positions directly, through second-order variables, which store sets of positions, and through a successor operation Succ.
Monadic second-order logic is a fragment of the
full second-order logic allowing quantification only
over unary relations – sets. One successor means that
we only have a single successor operation.

Terms are defined by the following grammar:
a,b

t ::= X | Succ(X),
where X is a second-order variable and Succ(X) is
a successor operation.

a
b
q0

Formulae are defined by the following grammar:

q1

a
q2

ϕ ::= 0 ∈ X | X1 ⊆ X2 | X1 = Succ(X2 ) | Sing(X) |
¬ϕ | ϕ1 ∧ ϕ2 | ϕ1 ∨ ϕ2 | ∃X.ϕ
We also allow using other usual boolean connectives:
• ∀X.ϕ := ¬∃X.¬ϕ
• ϕ1 → ϕ2 := ¬ϕ1 ∨ ϕ2
• ϕ1 ↔ ϕ2 := (ϕ1 → ϕ2 ) ∧ (ϕ2 → ϕ1 )
Let V be a set of second-order variables. A secondorder valuation is a function σ : V →
− 2N which assigns
a set of natural numbers to each second-order variable.
The value of a term is then defined as follows:
• σ |= 0 ∈ X ⇐⇒ 0 ∈ σ (X)
• σ |= X1 ⊆ X2 ⇐⇒ σ (X1 ) ⊆ σ (X2 )
• σ |= X1 = Succ(X2 ) ⇐⇒ σ (X1 ) = {y | y = x+1,
x ∈ σ (X2 )}
• σ |= Sing(X) ⇐⇒ |X| = 1, i.e. X is a singleton
• σ |= ¬ϕ ⇐⇒ σ 6|= ϕ
• σ |= ϕ1 ∧ ϕ2 ⇐⇒ σ |= ϕ1 and σ |= ϕ2
• σ |= ϕ1 ∨ ϕ2 ⇐⇒ σ |= ϕ1 or σ |= ϕ2
• σ |= ∃X.ϕ ⇐⇒ ∃A ⊆ N (
: σ / {X 7→ A} |= ϕ,
A
for Y = X
where σ / {X 7→ A}(Y ) =
σ (Y ) otherwise

a
b

q3

Figure 1. Büchi automaton. Q = {q0 , q1 , q2 , q3 };

Σ = {a, b}; δ (q0 , a) = {q0 , q2 }, δ (q0 , b) = {q1 },
δ (q1 , a) = {q1 }, δ (q1 , b) = {q1 }, δ (q2 , a) = {q3 },
δ (q2 , b) = 0,
/ δ (q3 , a) = 0,
/ δ (q3 , b) = {q2 };
Q0 = {q0 }; F = {q1 , q2 }.
• F ⊆ Q is a set of final states.
A run of A on an ω-word a0 a1 a2 ... ∈ Σω is an
infinite sequence ρ = q0 q1 q2 ..., such that qi ∈ Q for
every i ≥ 0, q0 ∈ Q0 , and qi+1 ∈ δ (qi , ai ) for every
i ≥ 0.
Let inf(ρ) = {q ∈ Q | q = qi for infinitely many
i’s} be the set of states that occur in ρ infinitely often. A run ρ is accepting if inf (ρ) ∩ F 6= 0.
/ A Büchi
ω
automaton accepts an ω-word w ∈ Σ if it has an accepting run on w. The language recognized by a Büchi
automaton A is the set Lω (A) = {w ∈ Σω | w is accepted by A}.
Definition 3. Languages that can be recognized by
Büchi automata are called ω-regular languages and
can be defined by ω-regular expressions.

Formula ϕ is satisfiable if there is a valuation σ
such that σ |= ϕ.

The automaton in Figure 1 recognizes the language described by the following ω-regular expression: a∗ b(a + b)ω + a+ (ab)ω .

2.2 Büchi automata
In this section we focus on necessary definitions related to Büchi automata.

Closure properties of the class of ω-regular languages are summarized by the following theorem.

Definition 1. Let Σ be a nonempty finite alphabet. An
ω-word (or infinite word) is an infinite sequence of
symbols of alphabet Σ. Σω then denotes a set of all
infinite words over Σ. A set of ω-words over a given
alphabet is called an ω-language.
Definition 2. A (nondeterministic) Büchi automaton
(BA) is a tuple A = (Q, Σ, δ , Q0 , F), where
•
•
•
•

Q is a nonempty finite set of states,
Σ is a nonempty finite alphabet,
δ : Q×Σ →
− 2Q is a transition function,
Q0 ⊆ Q is a set of initial states, and

Theorem 1. ω-regular languages are closed under
union, intersection, and complementation [2].

3. A decision procedure for S1S
Büchi automata were originally introduced in order to
develop a decision procedure for S1S. In this section,
we show how we can inductively construct a Büchi
automaton for every S1S formula.
Let A = (Q, Σ, δ , Q0 , F) be a BA. A symbol of Σ
over set of variables X is a function with the signature
X→
− {0, 1}. An ω-word a0 a1 a2 ... ∈ Σω encodes a set
X. If an contains X : 1, then n ∈ X. Otherwise, n ∈
/ X.

tool R ABIT [4] for heavyweight automata reduction
and S POT [5] for comparing the results using another
X:1|Y:1
algorithm for BA complementation.
X:1
X:0|Y:1
X:0
X:0|Y:0
For union and intersection, the tool uses standard
algorithms for Büchi automata [2]. ComplementaX:1
q0
q0
q1
tion is performed either by Schewe’s optimal construction [6] improving the original rank-based construc(a) 0 ∈ X
(b) X ⊆ Y
tion [7, 8] or by determinization-based complementation implemented within S POT [5]. Although the used
X:0
X:0|Y:0
X:1|Y:1
X:0
complementation algorithms meet the lower bound
of BA complementation 2O(n log n) , the complexity is
X:1
X:1|Y:0
q0
q1
q0
q1
X:0|Y:1
still a bottleneck of the decision procedure. Note that
development of efficient complementation algorithms
(c) Sing(X)
(d) Y = Succ(X)
for Büchi automata is still a hot topic of current reFigure 2. Automata for atomic formulae
search [9, 10].
In order to avoid the state explosion during compleConstruction of BAs from atomic formulae is shown
mentation, we keep the automata as small as possible
in Figure 2. Additionally, we show how to inductively
using (i) lightweight reductions, such as quotienting
construct a BA for any S1S formulae:
wrt. the direct simulation equivalence [11] or discon• ¬ϕ: Let Aϕ be the automaton constructed for ϕ. necting little brother states [12], and (ii) heavyweight
We obtain the automaton for ¬ϕ by constructing reductions, based on a 10-step lookahead simulation
relation combined with advanced transition pruning,
the automaton accepting Σω \ L(Aϕ ).
• ϕ1 ∧ ϕ2 : Let Aϕ1 and Aϕ2 be the automata con- implemented in the tool R ABIT [4]. Apart from that,
structed for ϕ1 and ϕ2 , respectively. We obtain we also used Tarjan’s algorithm to identify strongly
the automaton for ϕ1 ∨ ϕ2 by extending the al- connected components of an automaton. We can rephabet and constructing the automaton accept- move all states in a strongly connected component if
there are no transitions to another strongly connected
ing L(Aϕ1 ) ∩ L(Aϕ2 ).
• ϕ1 ∨ ϕ2 : Let Aϕ1 and Aϕ2 be the automata con- component, and it contains no final states, or it constructed for ϕ1 and ϕ2 , respectively. We obtain sists of only one final state with no transitions going
the automaton for ϕ1 ∨ ϕ2 by constructing the both from and to this state. We can also decide the
satisfiability of a formula using this algorithm.
automaton accepting L(Aϕ1 ) ∪ L(Aϕ2 ).
We defined S1S using only second-order variables
• ∃X.ϕ: Let Aϕ be the automaton constructed for
ϕ. The automaton for ∃X.ϕ is then constructed in Section 2.1. We can treat a first-order variable x
by eliminating symbol X from the input alpha- as a second-order variable X and then intersect the
bet. That means that we replace each transition automaton with Sing(X).
We can see an example of the final automaton
δ (q, a) = q0 by δ (q, a r {X : 0, X : 1}).
for one of the tested formulae in Figure 3. Note that
An S1S formula is satisfiable if there exists an ac- we use a special symbol ’?’ to show that we do not
cepting run on corresponding Büchi automaton. Other- care about the value assigned to a variable in a certain
wise, when there is no accepting run, i.e. the automaton transition and both options are possible. This way, we
recognizes an empty language, the formula is unsat- can significantly reduce the number of transitions we
isfiable. We can also test the validity of the formula. are working with.
A formula ϕ is valid iff ¬ϕ is unsatisfiable.

4. Implementation
The tool constructing a Büchi automaton from an S1S
formula1 was written in Python. It implements the decision procedure described in Section 3. The tool can
be used as it is, without any external tools or libraries.
However, during our experiments, we also used the
1 https://github.com/barbora4/

projektova-praxe

X:0|Y:?|Z:?
0

X:1|Y:0|Z:1
X:1|Y:1|Z:0

X:0|Y:?|Z:?
1

Figure 3. Automaton for the S1S formula

(x ∈ Y ∧ x ∈
/ Z) ∨ (x ∈ Z ∧ x ∈
/ Y)

Formulae in Table 1, which we used for our experiments, also contain a predicate x < y. This predicate
can be expressed as the following formula [13]:
X < Y := Sing(X) ∧ Sing(Y ) ∧ ¬(X ⊆ Y )∧
∀Z ((Y ⊆ Z ∧ ∀U (∀V ((V = Succ(U))
→
− V ⊆ Z) →
− U ⊆ Z)) →
− X ⊆ Z)
Even though it is not necessary to implement an atomic
automaton for this predicate, we have implemented
it in order to improve the efficiency of the decision
procedure. The automaton is shown in Figure 4.

X:0|Y:0
0

X:0|Y:0

X:0|Y:0
X:1|Y:0

1

X:0|Y:1

2

Figure 4. Atomic automaton for x < y

5. Experiments
In this section, we compare the efficiency of using loop
deterministic finite automata (L-DFA) [3] and Büchi
automata within our implementation for various S1S
formulae. The efficiency is measured mainly in the
state count of the final automaton for each formula.
The formulae along with the resulting state count of
L-DFA were taken from [3]. The results are shown in
Table 1.
Implementation based on BAs seems to give better results than on L-DFAs in terms of state count, as
shown in Table 1. Especially when using S POT [5] for
complementation, the state count of the resulting automata were lower in the majority of cases compared
to L-DFAs. There were only two worse results, one
of them being the formula that did not finish in a day.
However, it is not only the number of states of the
automata that we should focus on. Unfortunately, we
do not have access to the implementation of the operations over L-DFAs used in [3] so we cannot properly
compare the efficiency of those algorithms with our
implementation, but judging by the results, we can
assume that complementation is not such a demanding
problem for L-DFAs.
The positive conclusion is that the implementation
using BAs and L-DFAs seems to be complementary.
For the formulae where the complementation of an
automaton with a lot of states is required, the implementation on L-DFAs is able to give at least some
result. On the other hand, in formula 20, the L-DFA

has 2 331 states, which is much more than the corresponding BA with 32 states. The state count for
formulae with intersections of offsets (following the
pattern in formulae 19 and 20) grows exponentially
for BAs, that is, the final BA has 64 states for the intersection of 6 offsets, 128 for 7 offsets, etc., but the
corresponding L-DFA seems to grow much quicker.

6. Conclusions
In this paper, we presented the connection between
S1S and Büchi automata. We described the syntax and
semantics of S1S and the decision procedure which
shows how to inductively construct a corresponding
Büchi automaton for any S1S formula. We then compared our approach with the one using loop deterministic finite automata.
When compared to the implementation using loop
deterministic finite automata, Büchi automata offer
an efficient decision procedure for S1S formulae in
terms of state count of the resulting automaton. The
problem lies in complementation, which is a difficult
and complex problem for automata with a lot of states.
It seems that BAs and L-DFAs complement each
other when using as a decision procedure for S1S formulae. Implementation on L-DFAs gives better results
(in terms of the number of states) when complementation of a BA with a lot of states is required and on the
contrary, implementation on BAs seems to give better results when we do not need to complement a big
automaton.
In this work, the comparison of the efficiency of
BAs and L-DFAs was based mainly on the number
of states of the final automaton, but as we discussed
in Section 5, we should not make further conclusions
based only on these data. For future work, it would be
interesting to compare the efficiency of algorithms implemented on both types of automata in terms of their
time complexity. We could also try to use some other
algorithms and their optimizations or external tools for
reduction and complementation of Büchi automata.
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generalized Büchi automata via improved semideterminization. In Proceedings of the 32nd
International Conference on Computer-Aided
Verification (CAV’20), volume 12225 of Lecture Notes in Computer Science, pages 15–27.
Springer, July 2020.
[11] Lucian Ilie, Gonzalo Navarro, and Sheng Yu. On
NFA Reductions, pages 112–124. Springer Berlin
Heidelberg, Berlin, Heidelberg, 2004.
[12] Doron Bustan and Orna Grumberg. Simulation
based minimization. ACM Transactions on Computational Logic, 4, 03 2000.
[13] H. Comon, M. Dauchet, R. Gilleron, C. Löding,
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