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Abstract
Neural solvers have been increasingly explored with the aim of replacing computationally ex-
pensive conventional numerical methods for solving PDEs. This work focuses on solving the
time-independent Helmholtz equation for transcranial ultrasound therapy. Most of the popular
methods for modeling physics systems are based on U-net. However, convolutional neural networks
require the data to be sampled on a regular grid. In order to try to lift this restriction, we propose
an iterative solver based on graph neural networks. Unlike Physics-informed neural networks, our
model needs to be trained only once, and only a forward pass is required to obtain a new solution
given input parameters. The model is trained using supervised learning, where the reference
results are computed using the traditional solver k-Wave. Our results show the model’s unroll
stability despite being trained with only 8 unroll iterations. Despite the model being trained on the
data with a single source, it can predict wavefields with multiple sources and generalize to much
larger computational domains. Our model can produce a prediction for sub-pixel points with higher
accuracy than linear interpolation.
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1. Introduction

The transcranial ultrasound therapy has been recently
approved by Food and Drug Administration (FDA)
for essential tremor, and Parkinson’s disease treat-
ment [31]. Currently, there are experimental treat-
ments using ultrasound to create microbubbles, which
enable targeted drug delivery for Alzheimer’s disease
and brain tumors treatment [16].

The ultrasound transmitter positioning requires

a simulation of the ultrasound propagation through
a skull, which depends on solving the Helmholtz equa-
tion. The waves have to be focused in the area of
interest in order to make thermal ablation, and other
treatments [12] possible. The simulation using tradi-
tional solvers requires a lot of computational resources.
With a focus on reducing the simulation time, approxi-
mators based on neural networks have been proposed
— neural solvers.

Most neural physical systems adopt Convolutional
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Figure 1. Proposed system is based on a graph neural network (GNN) used as an iterative solver. Given the
speed of sound, wave sources, and residual (Equation (10)) of a wave�eld prediction from the previous iteration,
the model outputs a re�ned prediction of the unknown wave�eld. Unlike PINN methods, our model does not
require to be trained for each new set of PDE parameters.

Neural Networks(CNN) [34, 36] or Physics-informed
neural networks(PINN) [26, 17, 7, 32, 10]. The �rst
family of methods works only with data sampled on
a regular grid. On the other hand, the latter group
of methods is mesh-independent. However, the net-
works need to be retrained for each new set of PDE
parameters.

Our method tackles these problems by employ-
ing Graph Neural Networks(GNN) [30, 11], allowing
more variable mesh than CNNs. We use graph edges to
control the message passing between the nodes, which
correspond to the samples in a space. The network is
structured as an iterative solver [27]. Only a forward
pass of the model is required to solve a Helmholtz
equation for a new set of parameters.

and is able to solve the Helmholtz equation for
a new set of parameters using nothing but a forward
pass.

1.1 Governing Equations
This work focuses on equations used in sound-waves
modeling. Wave equation describes the propagation of
waves through space:

@2u(x ; t)
@t2

= c2r 2u(t; x ); (1)

whereu : Rn ! C is a wave�eld,n 2 Z+ denotes
the dimensionality,t, c 2 R+ is a speed of sound
(SOS), andx 2 Rn stand for time variable and spatial
coordinate, respectively.

However, in transcranial focused ultrasound ther-
apies [16, 12, 31], the focused ultrasound beam is
applied for a period of time exceeding the time re-

quired to reach a steady state. Consequently, the time-
independent Helmholtz equation is used in this work
to model the propagation of waves (Figure 2).

Figure 2. In this work, a speeds of soundc contains
only a model of a skull, which has a different speed of
sound than the surrounding medium. Source values�
are zero, except at the location of a source, where the
value is set to the source amplitude.Inverse problem
is not contemplated in this work. Thus the wave�eldu
is the only unknown in the equation.

Helmholtz equation The Helmholtz equation is a
result of the separation of variables in the Wave equa-
tion (Equation (1)). Although a simulation of ultra-
sound propagating through the skull involves nonlinear,
shear, and other effects, Stanziola et al.[34] present
that these effects can be added after computing the
wave�eld modeled by Helmholtz equation. Thus, we
focus on modeling a simpli�ed model of wave propa-
gation described by the Helmholtz equation subjected
to the Sommer�eld radiation condition at in�nity [33]:

"

r 2 +
�

!
c(x )

� 2
#

u(x ) = � (x ); (2)



Figure 3. To satisfy Sommer�eld condition
(Equation (3)), an arti�cial layer (PML) is wrapped
around the domain
 to attenuate all incoming waves.
Adapted from Stanziola et al. [34].
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wheren 2 Z+ is the number of dimensions,! 2 R
stands for the angular velocity of the source,x 2 Rn

is a spatial coordinate,c : Rn ! R+ is the inho-
mogeneous speed of sound (SOS) at a certain given
point x , � : Rn ! C denotes the forcing term, and
u : Rn ! C is theunknown acoustic wave�eld. The
inhomogeneous SOS is considered only within a do-
main of interest
 , for the rest of the domain@
 the
speed of sound is homogeneous with a value equal
to c0. Graphical example of the components of the
Helmholtz equation are shown in Figure 2.
Perfectly Matched Layer In order to satisfy the
Sommer�eld radiation condition in a �nite domain
 ,
a boundary condition such asPerfectly Matched Layer
(PML) [4] can be applied. PML is an arti�cial layer
surrounding the domain
 attenuating all incoming
waves to prevent re�ections from the domain's border.
Consequently, PML simulates an in�nite domain, as
shown in Figure 3.
By employing a PML, an absorption term is introduced
into the derivative operators:
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where� = x1; x2; : : : ; xn , x j corresponds to thej -th
spatial dimension, and where
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where! is the angular velocity from Equation (2),

is the domain of interest, and the absorption pro�le�

is de�ned by the following equation:
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where� max is maximum PML absorption parameter,
� L de�nes the width of a PML and̂� is the spatial
distance from the domain border in a give dimension.

2. Related Works

In recent years, more emphasis has been put on re-
searching neural operators. The main objective of
these approximate solvers is to estimate the solution
of a given PDE faster or lift restrictions created by
conventional numerical solvers.

We consider PDEs of the following form:

(L au)(x ) = f; x 2 


u(x ) = 0 ; x 2 @

(7)

wherea represents parameters of a differential operator
L , andu, f are functions on the spatial domain.f
represents a forcing term, whereasu is the solution in
the forward simulation.

Althoughk-Wave[37] belongs to the conventional
solver family, it uses k-space pseudospectral method [5,
6, 22, 35], which allows sparser discretization than
FEM [13] and FDM [23]. Unlike traditional solvers,
neural solvers utilizes a neural network. In recent
years, CNNs [34, 36] has become one of the most
common approaches to model physical systems. How-
ever, these systems suffer by requiring input data to be
sampled on a regular grid. Nonetheless, CNNs yield
impressive results.

R = L au � f (8)

Authors ofHelmnet[34] pursue the identical objec-
tive as our work — solving the Helmholtz equation
(Equation (2)). Helmnet is structured as an iterative
solver based on U-net [27], instead of passing the PDE
parameters directly, the authors discovered that incor-
porating these parameters into the residual termR
(Equation (8)) eases the network learning the mapping
from the parameters of a PDEa to a solutionu. Al-
ternatively to the other approaches [36], Helmnet is
trained using only a physics loss.

Recently, there has been growing interest in mesh-
independent methods. VariousPhysics-informed neu-
ral network(PINN) methods [10, 32, 7, 26, 17] use
multilayer perceptron(MLP) to map a spatial coor-
dinatex directly to solutionu(x ). In contrast with
previously mentioned methods, PINN methods learn
to represent the solution instead of computing one. The



networks need to be trained again for each new set of
PDE parametersa. Nevertheless, querying a new posi-
tion x requires only a forward pass of a model, making
it mesh-independent. PINN methods utilize an auto-
matic differentiation to compute the spatial derivatives
used in a physics loss. Thus, PINN methods enforce
strong form of the governing PDE.

Every physics system can be modeled using a
graph, as samples produced by spatial sampling can
be represented as nodes in a graph. Sanchez-Gonzalez
et al.[28] connect nodes in a certain radius, whereas
Pfaff et al.[24] operates directly with edges produced
by mesher. These two methods networks [24, 28] are
based on theEncode – Process – Decodearchitec-
ture de�ned under theGraph Networkframework [3].
However, the mentioned methods predict only the time
evolution of time-dependent PDEs. Methods such as
Li et al. [18], Anandkumar et al.[2] have shown a
capability to solve time-independent PDEs.Graph
Kernel Network(GKN) [2] learns the Green's func-
tion of a given PDE directly by encoding it in the
model's weights. Unfortunately, the number of edges
grows quadratically with the number of nodes.Fourier
Neural Operator(FNO) [18] extends GKN by replac-
ing the integral kernel with convolution in the Fourier
space. A layer transforming data in the Fourier space
and transforming it back to the physical space is called
Fourier Layer.

3. Proposed Solution

To solve the Helmholtz equation, we propose an itera-
tive solver de�ned by the following equation:

uk+1 = f � (v; e; uk ; Rk ); (9)

whereuk andRk are wave�eld prediction and residual
at k-th iteration,f � , v ande denote neural network,
node features and edge features, respectively. The
neural networkf � is described more extensively in
Section 3.2.

Unlike Helmnet [34], our solution employs super-
vised learning, thus a reference solutionu� (x ) is re-
quired. The following section provides a more detailed
description the used dataset.

3.1 Skull Dataset
We use the method proposed by Stanziola et al.[34]
for synthetic skulls as sound speed maps. The shape of
the idealized skulls is created by summing circular har-
monics with random amplitude and shape. Since the
whole work considers normalized units! = 1 rad =s
and background speed of sound of1 m=s, the skull
thickeness ranges from2 to 10 m with sound speed

varying from1:5 to 2 m=s. We set the grid size to
384 � 384 with 0:25 m grid spacing to allow later
downsampling if needed

We employed k-Wave [37] to generate ground-
truth solutions for each sample. For each skull, three
random wave source positions are generated. Based
on the linearity of the Helmholtz equation, solutions
can be summed in order to create a new, more complex
solution with multiple sources (Figure 5). Training,
validation, and test sets contain 24000, 3000, and 3000
wave�elds samples, respectively. The dataset is avail-
able on a public repository1.

3.2 Model Architecture
Figure 4 depicts used neural network, which is based
on Graph Network [3] with Encode – Process – Decode
structure [24, 28].

All parts of the process block� e, � v, both en-
coders� v, � e and decoder� v are implemented using
a two-layer MLP with ReLU activation function [1]
and a residual connection. The latent and output size
is 64, except� v , whereas the output size equals to the
model's output size. The MLP is depicted in Figure 6.

All parameters from the Helmholtz equation, such
as SOS map, source map, or spatial coordinate, are
used as an input along with the prediction and its resid-
ual from a previous iteration. All nodes are sampled
on a uniformly spaced grid, where all nodes within a
radiusr = 0 :02are connected.

Encode Encoder consists of two separate MLPs� v ,
� e for nodes and edges, respectively. These encoders
transform input features (procesess each node and each
edge separately) into latent vector of size 64. Each
node featurevi with a spatial positionx i is composed
of SOS mapc(x i ), wave source distribution� (x i ) and
PML absorption term� (x i ). The distance information
jx i j j andx i � x j between connected nodes is encoded
in the edges.
The SOS map is sampled using96� 96 regular grid.
Thus the data is downsampled using a factor of4.
Connections between nodes are created using radius
r = 0 :02, node coordinates are normalized to range
[0; 1].
Additionally, we use connections between everyn-th
node (hop connection), increasing the model's recep-
tive �eld (Figure 7). The hop connections can be seen
as a multi-resolution graph [19, 25] and should enable
the network to predict larger area in less unroll itera-
tions. Our model contains hop connections between
every3-th, 5-th and10-th node.

1https://sc-nas.fit.vutbr.cz:10443/
xnguye16/ssw-dataset



Figure 4. The network architecture consists of by three parts — encode, process, and decode. In the encoder
stage, all features are respectively transformed into latent vectors. A message-passing mechanism is executed in
the process stage, where information from neighboring nodes is aggregated to produce updated features for the
target node and edges. Lastly, the decoder transforms data from latent space to output space.

Figure 5. Synthetic skulls were generated by
summing several elliptical harmonics [34]. Reference
wave�elds were computed using k-Wave [37]. For
each SOS map, three wave�elds were computed, each
with a different source location. Due to the linearity of
the Helmholtz equation, wave�elds can be added
together to produce a new, more complex wave�eld.

Process Processor unit is a derivation of a processor
de�ned by Pfaff et al.[24], it consists ofP identical
blocks — Graph Block [3]. Each block contains a
separate set of weights.
As depicted in Figure 8, the Graph Block consists
of three parts:� e, � v and� e! v. Function� e is im-
plemented using an MLP. It encodes data of an edge
and nodes connected to it into a new edge feature.
Then edges connected to a node are aggregated using
function � e! v. In our work, we use the mean func-
tion as an aggregation function. Aggregated features
are transformed using a function� v into an updated

Figure 6. The main building block for the whole
network is based on two-layer MLP with a ReLU
activation function and a residual connection.

Figure 7. Hop connections connects every n-th node,
in this particular casen = 4 . Hop connections
n 2 f 3; 5; 10g are used in the proposed solution.

version of node features. The previously mentioned
function� v is implemented using MLP as well. The
described functionality is also referred to asmessage
passing[10]. One Graph Block corresponds to one
message passing. More Graph Blocks result in a larger
receptive �eld of the network.
Decode Last stage of the network� v decodes node
features from latent space into the scaled wave�eld
prediction�u k+1 , where� = 500 is a scaling term
(see Section 3.4).



Figure 8. Graph block consists of two parts: edge
block and node block. Edge block uses features of a
given edge a its nodes to update edge's features. Node
block updates a node features based on all nodes
connected to the target node. Functions� e; � v are
implemented using MLPs, aggregation function� e! v

is using themeanfunction in our work.

3.3 Residual Calculation
Due to explicit residual calculation, an approximation
of the Laplacian has to be computed. After Equa-
tion (2) is plugged in Equation (8) the residual is de-
scribed as follows:

R =
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u(x ) � � (x ); (10)

Based on the conducted experiments (Section 4.2),
we use pseudo-spectral method to approximate the
derivatives, which is restricted to the regular grid.

FFT-based Stanziola et al.[34] approximates �rst-
order derivatives using FFT-based derivative (Equa-
tion (11)), which are then composed into the Lapla-
cian. The Laplacian can not be computed directly
as a result of using PML as the boundary condition
(Equation (4)).

d
d�

f (� ) � F � 1 (F (ik � f (� ))) ; (11)

where� 2 f x1; x2; : : : ; xng denotes a spatial dimen-
sion,k� represents wavenumbers in a given direction,
F , F � 1 are Fourier transform and its inverse, respec-
tively.
Average Gradient on Star Unlike the FFT-base
method, the Average Gradient on Star (AGS) and Per-
Cell linear Estimation (PCE) methods can be utilized
on an irregular grid. In a 2D mesh, for a trianglet with
verticesvi , vj , vk , PCE is de�ned as follows [21]:

r f t � (f j � f i )
(vi � vk )?

2A t
+ ( f k � f i )

(vj � vi )?

2A t
;

(12)

whereA t is an area of the trianglet, f i is a value of a
vertexvi and(e)? denotes a perpendicular vectore to
the vectore.
To compute per-vertex gradients,Average Gradient on
Star (AGS) averages all gradients from neighboring
vertices:

r f (v) �
1

P
i 2N (v) A i

X

i 2N (v)

A i r P CE f i (13)

wherer P CE f i is de�ned by Equation (12) andN (v)
is set of vertices connected to the vertexv.

3.4 Model Training

As mentioned before, the model is trained usingsu-
pervisedlearning. Any addition of physics terms re-
sulted in unstable training and constraining the model's
ability to learn more than only a small neighborhood
around the source.

Loss function Naturally, mean-squared error is ap-
plied as a loss function

L =
1
N

X
jj ûT � �u � jj2

2; (14)

where� = 500 is a scaling term,N is the number
of graph samples,̂uT is the predicted solution afterT
unroll iterations. In other words, loss function takes
into account only a prediction from the last unroll
iteration.
todobug no indent The value of scaling term� was se-
lected empirically. It can be seen as scaling the source
amplitude by� . Usage of the scaling term, changes
the magnitude as well as direction of loss function
gradients. Nonetheless, we are not certain, why the
scaling term is essential for successful training.
Training phases Although the model can be trained
end-to-end, the two-phased approach requires only half
of the computational time (Table 1). The �rst phase
involves training the network with 3 unroll iterations
for � 70k optimization iterations. As illustrated in
Figure 9, the network is then �ne-tuned for� 10k opti-
mization steps with 8 unroll iterations. Both phases are
trained using the Adam optimizer [15] with a learning
rate� = 3e � 5. The network is trained on 8 A100
40GB GPUs using Pytorch Lightning2 distributed data
parallel (DDP) accelerator. Despite the fact that the
batch size is set to 2, the effective batch size is 16 due
to gradient averaging across 8 GPUs.

2https://www.pytorchlightning.ai/
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